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ISONITROSO-MALONYL-UREA of violuric acid, which forms interesting coloured 
salts with alkali hydroxides and organic bases, has been exhaustively examined 
by Ghatak and Dutt,! who found that the stronger the basic character of 
the base, the greater is the intensity of the colour of the salt that is formed 
in combination with violuric acid. ‘They examined the absorption spectra of 
the organic salts of violuric acid along with their dissociation constants and 
came to the conclusion that there is a general relationship between the two 
values although no hard and fast mathematical relationships could be deriv- 
ed from them. Previous workers in this field, namely, Hartley,? Hantzsch,’ 
Meek and Watson‘ had only confined their attention to the absorption spectra 
of free violuric acid and the sodium and potassium salts in water. They 
had already taken notice of the fact that in dry non-hydroxylic solvents, 
violuric acid was quite colourless, but in hydroxylic solvents, as well as in 
wet non-hydroxylic solvents, it had a distinct pink coloration. 


Later on Gaind and Dutt® took up the study of violantin and alloxantin 
and their organic salts and found that the intensity of their coloration was 
even greater than the corresponding compounds of violuric acid. Both the 
compounds are monobasic in nature and form well-defined salts very similar 
to those of violuric acid, with the difference that unlike the latter, the former 
undergo hydrolytic decomposition in water. Consequently, the dissociation 


constants could not be determined and the absorption spectra were found in 
alcoholic solution. 


The next interesting work in this connection was done by Lal and Dutt,® 
who took up the study of isonitroso-thio-barbituric acid or thio-violuric acid, 
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which was prepared by them for the first time by the action of nitrous acid 
on thio-barbituric acid. ‘The alkali and organic salts of this compound were 
found to be highly coloured substances, yielding fluorescent and intensely 
purple solutions with absorption bands between 5900-6025 A. ‘They were in 
this respect far more coloured than the corresponding salts of violuric acid, 
and it appeared highly interesting to note the tremendous difference in colour 
and absorption brought about by the introduction of an atom of sulphur 
in the molecule of violuric acid in place of an atom of oxygen. ‘The effect 
of sulphur on the colour of organic compounds and dyestuffs has previously 
been noticed by former workers, e.g., by Purvis, Jones and Tasker,’ who 
noticed that the thio-oxalates of alkalies are yellow in colour, whereas the 
corresponding oxalates are colourless; by Dutt and Watson,’ who have 
shown that many mercaptan derivatives of azo-dyes and thio-fluorescein are 
deeper in colour than the corresponding dyes containing oxygen in place of 
sulphur ; by Reid and his collaborators® who also worked in similar lines to 
Dutt and Watson; and by Dey and Dutt,” who worked on dyestuffs pre- 
pared from thio-diglycollic acid. But in none of these works mentioned 
above was the intensity of colour found to be so much enhanced by the 
introduction of an atom of sulphur in place of an atom of oxygen, as in the 
case of compounds derived from thio-violuric acid. Lal and Dutt examined 
the absorption spectra of these compounds and also the dissociation constants 
of a number of them which were soluble in water, but on comparing the 
results thus obtained, they came to the conclusion that the colour of thio- 
violurates is not intimately connected with electrolytic dissociation, and in 
fact intense colours were possessed by compounds which were altogether 
insoluble in water or hydroxylic solvents, and whose absorption spectra 
had to be determined in acetone or chloroform solutions. 


On account of the interesting results obtained with thio-violuric acid, 
it was naturally expected that any further loading of the molecule of the 
substance with heavy substituents might result in the production of a com- 
pound capable of yielding salts with even greater intensity of colour than 
that obtained from thio-violuric acid. ‘This expectation from the theoretical 
point of view has now been realised in the case of 1 : 3-diphenyl-thio-violuric 
acid. It is the aim of the present investigation to examine the effect of 
loading on the molecule of thio-violuric acid by the introduction of two 
phenyl or even heavier groups, and also to compare their salts with the 
corresponding salts of diphenyl-violuric acid, which would differ from the 
former only in possessing an atom of sulphur in place of the oxygen 
atom. 
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1 : 3-Diphenyl-thio-violuric acid has now been prepared for the first time 
by the action of nitrous acid on 1: 3-diphenyl-thio-barbituric acid, which 
in its turn has been obtained by the condensation of thiocarbanilide with 
malonic acid in presence of acetyl-chloride. 


C,H;N H HO Oc CgH;N——CO 
cS CH, CS C:H., O:=N-—-OH CS C=NOH 
C,H;sN:H HO:OC C,.H;N——Co 


Thiocarbanilide Malonic acid. Diphenyl-thiobarbituric acid. Diphenyl-thio—violuric acid. 


Isonitroso-diphenyl-thio-barbituric acid or diphenyl-thio-violuric acid is 
a monobasic acid and may be represented by formula (1) shown below, in 
which the hydrogen atom marked with an asterisk is replaceable by metal. 
This is the form : 


C.H;N——CO C.H,N——CO 

cS C=N—OH* cs C—N=0O 
C.H;N——Co 
(1) Oximino-ketonic form. (2) Nitroso-enolic form. 


But an alternative structure can be formed due to the tautomerism of the 
marked hydrogen atom to give the nitroso-enolic formula (2), which is equally 
capable of existence. This contains the highly strained grouping N = O, and 
hence according to the “‘ Theory of colour on the basis of molecular strain ”’ 
advanced by Dutt,!! it must be a highly coloured substance. On the other 
hand if the oximino-ketonic formula be correct, then diphenyl-thio-violuric 
acid should not have any colour at all, or at best only a pale yellow colour. 
We find that the compound in question is an orange coloured solid dissolving 
in solvents like acetone to an orange solution. It appears that in solution 
as well in the solid state, the substance exists mainly in the oximino-ketonic 
form. But this state of affairs becomes considerably modified when a salt 
formation of the acid occurs by treatment with alkali or an organic base. 
Under such circumstances, on account of the greater load of the substituting 
metal or basic radical, the tautomerism between the two above-mentioned 
forms will be far more difficult and the more highly strained configuration 
(2) will result as soon as its existence becomes possible due to the following 
teasons : The -CO-groups in the molecule of diphenyl-thio-violuric acid are 
teally the residues of carboxyl groups, and they still retain the acidic character 
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in a modified form due to the presence of the NPh-groups in the vicinity, whose 
basic character they have more than neutralised. When such a group 
enolises by the transference of a hydrogen atom, it becomes more acidic 
than a -NOH group (cf. uric acid and the ureides with the oximes of 
aldehydes and ketones). It can be easily seen therefore that in order to 
neutralise an alkali like sodium hydroxide or an organic base, the original 
weakly acidic oximino-ketonic form has to tautomerise into the more 
acidic nitroso-enolic form in order that a neutral salt formation may take 
place. And once the tautomeric hydrogen atom becomes substituted in 
the latter form, the nitroso-enolic structure becomes fixed due to salt forma- 
tion, and on account of the heavy load cannot tautomerise back into the 
oximino-ketonic form. It is due to this that a highly strained but stable 


structure results, which is in fact responsible for the intense colour of the 
diphenyl-thio-violurates. 


As a further proof of the above theoretical exposition of the colour pheno- 
menon of the salts of diphenyl-thio-violuric acid, it may be pointed out that 
weak bases like aniline, picoline, quinoline, zsoquinoline, etc., form molecular 
combinations with the acid in dry acetone solution which are only slightly 
coloured, 7.e., which are either yellow or orange. But in the presence of only 
a trace of water, true salt formation takes place immediately with production 
of the usual intense blue or green colorations. It is therefore quite evident 
that the real basic character of the base has to be developed in the presence 
of a minimum quantity of water before the true nitroso-enolic structure of 
diphenyl-thio-violuric acid with its concomitant highly acidic nature can 
be formed with a view to real salt formation. In other words, it is a question 
of ionisation of the base before the salt formation may take place. Very 


weak bases like B-naphthylamine, m-xylidene, etc., do not produce any 
salts for the same reason. 


The effect of sulphur on colour as seen on comparison of the absorption 
spectra of salts of diphenyl-thio-violuric acid with the corresponding salts of 
diphenyl-violuric acid (Prakash and Dutt, work just published) is also very 
interesting. Whereas the characteristic colour of the latter is purple-violet 
with the absorption maxima in the vicinity of 5900 A, the characteristic 
colour of the former is bluish-green to deep emerald-green, with absorption 
maxima in the neighbourhood of 6500 A in many cases. Besides this there 
is another aspect of the “‘ Theory of colour on the basis of molecular strain” 
advanced by Dutt (/oc. cit.), namely, ‘In a system that is under strain, the 
effect of load will be to increase the strain, provided it acts within close pro- 
ximity of the strain; the further away the load is from the centre of the 
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strain, the less will be the effect’ examplified, when we compare the four 
types of compounds given below :— 


NH——CO C,H;N co NH——CO 
C=NOH Cc=0 C=NOH C=NOH 
NH——CO C,;,H;N——CO NH——CO 
(3) Violuric acid. Pink salts, (4) Diphenyl-violuric acid. Violet (5) Thio-violuric acid. Violet 
Abs, Max, 5305 A. salts, Abs. Max. 5900 A. salts, Abs, Max. 5900 A. 
CgsH;N——CO 
C=S C=NOH 


C,.H;N——CO 
(6) Diphenyl-thio-violuric acid. 
Green salts, Abs. Max. 6500 A. 


We find that a load of 16 units is as effective in deepening the colour of 
violuric acid to thio-violuric acid, as a load of 154 units to the same substance 
under slightly different conditions, with formation of diphenyl-violuric acid. 
The reason is obvious on scrutiny, since we find that in the former case the 
load has been applied at the centre of the strain itself, 7.e., at the double 
bond. But in the latter case we find that the phenyl groups are one bond 
removed from the double bond, and are consequently less effective as loads 
in deepening the colour. Similar phenomenon will be observed when 
{3), (4) and (6) are compared together. 


On account of the great success achieved with the preparation of diphenyl- 
thio-violuric acid and its organic and inorganic salts and, also the fulfilment 
of the expectations as calculated from the theoretical point of view with 
regard to this compound, attempts were made to prepare other derivatives 
of thio-violuric acid containing heavier substituents than the two phenyl 
groups. With this object in view, the following scheme was worked out 
with an equally great success : 


CS. Malonic acid HNO» 
Primary amine ——-—> Thiourea ———————> Thiobarbituric acid ——-—> Thio-violuric acid. 


The following primary aromatic amines were successfully used in this 
connection: o-toluidine, m-toluidine, -toluidine, m-xylidine, o0-anisidine, 
p-phenetidine and a-naphthylamine, and the corresponding substituted 
thio-violuric acids obtained. All these higher homologues and analogues 
of diphenyl-thio-violuric acids with the exception of the a-naphthyl 


ars 


150 (Miss) Ione Nitravati Dharam Dass and Sikhibhushan Dutt 


compound yield more intensely coloured compounds with alkalies and 
organic bases than the corresponding ones obtained from dipheny]l-thio- 
violuric acid, and their absorption bands are also higher up in the spectrum, 
This has been exactly according to expectations from the point of view of 
theoretical considerations. But in the case of the a-naphthyl com- 
pound, although the impure stuff yielded a green coloration with alkalies 
and organic bases, yet on purification and crystallisation, the substance was 
resolved into a compound giving only violet salts with them. Apparently 
this is the only anomaly in connection with the consideration of the large 
number of substances that have been examined in this investigation. 


Experimental. 


Preparation of diphenyl-thio-barbituric acid.—A mixture of thiocarbanilide 
(20 gm.), malonic acid (12 gm.) and acetyl-chloride (18 c.c.) was heated 
on the water-bath under reflux for about 30 minutes. The mixture first 
became a completely homogeneous fluid which ultimately solidified to a 
compact light yellow crystalline mass. The product was broken up, ground 
fine with water in a mortar, filtered, washed, dried and crystallised from 
glacial acetic acid in bright yellow prismatic needles melting at 245°C. 


The acid is sparingly soluble in most of the ordinary organic solvents 
in the cold, fairly soluble in boiling alcohol and hot glacial acetic acid, almost 
insoluble in chloroform, benzene and ether and insoluble in water. It dis- 
solves easily in dilute caustic alkalies and ammonia. 


Preparation of isonitroso-diphenyl-thio-barbituric acid or diphenyl-thic- 
violuric acid :—Diphenyl-thio-barbituric acid (20 gm.) was dissolved in 
dilute sodium hydroxide (5 per cent.) and a solution of sodium nitrite (20 gm.) 
in the minimum quantity of water added. ‘The mixture was filtered through 
thick cotton cloth, cooled with the addition of lumps of clear ice, and 
gradually acidified with the addition of ice-cold dilute sulphuric acid. The 
light buff coloured precipitate of the isonitroso compound was allowed to 
stand overnight, then filtered, washed with water, dried and crystallised 
from boiling glacial acetic acid, when it was obtained in the form of glistening 
orange rhombic prisms (see Plates IV and V) melting at 227°C. 


Diphenyl-thio-violuric acid is absolutely insoluble in water, but dissolves 
in boiling glacial acetic acid to the extent of only about 3 per cent. and on 
cooling, practically the whole amount crystallises out. It is very slightly 
soluble in other neutral organic solvents, with the exception of acetone, in 
which it is fairly easily soluble, forming a bright orange non-fluorescent 
solution. On the addition of alkalies or organic bases, intense blue or green 
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colours are developed and in the majority of cases, the salt is precipitated 
in a crystalline and exceedingly beautiful form. ‘The colour change is so 
sharp and rapid that diphenyl-thio-violuric acid can be used as an excellent 
indicator. ‘The salts give absorption bands reaching much further into the 
red region than those given by the corresponding salts of thio-violuric 
acid. With the exception of the alkali salts, the rest are quite insoluble in 
water, but in acetone they are very easily soluble giving intense colorations 
which are augmented by the addition of a few drops of water and in this 
aqueous acetone medium, all the absorption spectra have been determined. 
All the salts of diphenyl-thio-violuric acid possess beautiful crystalline 
structure, are fairly stable, but melt with decomposition. The lowest 
decomposition temperature that has been recorded is in the vicinity of 
130°C. Some of the alkaloid salts are rather unstable and become sticky 
and swell up due to decomposition, on keeping. Consequently they have 
to be prepared immediately before the examination of their properties. 
They all possess cubical crystalline structure. Contrary to expectation, 
they were found to be optically inactive, thus proving that recimisation 
took place along with salt formation. All the salts described in this paper 
have been prepared by mixing together equimolecular proportions of the 
acid and the base in acetone solution. In 90 per cent. of the cases, the salt 
crystallised out completely but, in the rest, it had to be obtained by evapora- 
tion of the mother liquor. 


Preparation of the higher homologues and analogues of diphenyl-thio- 
violuric acid was done in a similar way to the above. For the sake of abbrevi- 
ation, the properties of the barbituric and violuric acids (Table I), the salts 
of diphenyl-thio-violuric acid (Table II) and some of the salts of the higher 
homologues and analogues of diphenyl-thio-violuirc acid (Table III) are 
given in tabular forms at the end of the paper. Microphotographs of the 
crystalline structures of diphenyl-thio-violuric acid and its higher homo- 
logues and analogues have also been appended showing the exceedingly 
fine crystalline nature of these substances. 


Summary and Conclusions. 


i. Jsonitroso-diphenyl-thio-barbituric acid has been obtained for the 
first time by the action of nitrous acid on | : 3-diphenyl-thio-barbituric acid 
prepared in its turn by the action of diphenyl-thiourea on malonic acid in 
presence of acetyl chloride. 


2. Isonitroso-diphenyl-thio-barbituric acid or diphenyl-thio-violuric 
acid has an orange colour in the solid state or in solution in organic solvents, 
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but on treatment with alkalies or organic bases, intense blue and green 
coloured salts are formed, the transition of colour being sufficiently strong 
and sharp for the substance to act as an excellent indicator. 


3. The change of colour from orange to blue or green has been shown 
from theoretical considerations to be due to a fundamental change in the 
constitution of the molecule from an oximino-ketonic to a_nitroso-enolic 
structure. 


4. The above change in the molecular structure results in the produc- 
tion of a true nitroso-group, which from the point of view of a “‘ Theory of 
colour on the basis of molecular strain ’’ advanced by one of the present 
authors, has been shown to be the most highly strained amongst the 
chromophoric groups, and consequently produces the greatest intensity of 
colour. 


~ 


5. The loading effect of the two phenyl groups as well as that of the 
sulphur atom from the point of view of colour production has been discussed, 
and it has been shown that the effect is quite in accordance with the theory 
of colour advanced by Dutt. 


6. From the study of the absorption spectra of the salts of diphenyl- 
thio-violuric acid it has been found that their intensity of colour is roughly 
proportional to the strength of the basic character of the base entering into 
salt formation. 


7. Further study of the absorption spectra of the salts of a series of 
newly synthesised higher homologues and analogues of diphenyl-thio-violuric 
acid indicates that the effect of additional load on the molecule of the sub- 
stance is to produce still further intensification of colour as expected from 
theoretical considerations, the greatest effect being produced by substituents 
in meta-positions closely followed by those in the para. 


I 
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TABLE I, 
Properties of the Main Barbituric and Violuric Acids. 
Name Colour in 3 
B.=thio-barbituric solution (% S. Theo- 
Fs V,=thio-violuric Colour of solid Remarks (aqueous cael | 4 < retical with- 
acids) acetone) in bracket) 
1. The barbituric acids, 
Diphenyl-T.B,. .| Pale yellow Prisms Yellow 245° | 4650 |10-62 (10-81) 
Ni-o-tolyl-T.B. .| Yellow Rectangular Yellow 190° | 4650 | 9-67 (9-87) 
prisms 
Di-m-tolyl-T.B. .| Light yellow Fine needles Yellow 265° | 4550 | 9-52 (9-87) 
Di-p-tolyl-T.B. ..| Bright yellow Rectangular Yellow 233° | 4650 | 9-58 (9-87) 
prisms 
Di-m-xylyl-T.B. ..| Yellow Do. Yellow 247° | 4720| 9-50 (9-09) 
Dj-o-anisyl-T. B. .| Yellow Fine needles Yellow 248° | 4720] 8-35 (8-98) 
(deep) 
Di-p-phenetyl-T.B. ..| Light salmon- Do. Deep 167° | 4720 | 8-75 (8-33) 
pink yellow 
Di-a-naphthyl-T.B. ..| Greenish-yellow | Cubical crystals | Orange- 216° | 4960 | 8-52 (8-08) 
yellow 
2. The Violuric Acids, 
Diphenyl-T.V. -| Orange-red Glistening hexa- | Orange 227° | 5130| 9-95 (9-84) 
gonal plates & 
prisms 
Do. (No. 2) ..| Dull orange Rectangular Orange- 220° | 5050 | 9-30 (9-84) 
prisms & yellow 
needles 
Dj-o-tolyl-T.V. Buff Rectangular Yellow 200° | 4755) 9-04 (9-06) 
plates 
Di-m-tolyl-T.V. -| Dull orange Rhombic plates | Orange 216° | 5160 | 9-21 (9-06) 
Di-p-tolyl-T.V. -| Deep salmon- Hexagonal Reddish- 128° | 5180} 9-02 (9-06) 
pink plates orange 
Dj-m-xylyl-T.V. Buff Needles Orange- 165° | 5060 | 8-85 (8-42) 
yellow 
Di-o-anisyl-T.V, .-| Deep mahogany-| Glistening cubes | Orange-red | 212° | 5220] 7.81 (8-31) 
brown 
Di-p-phenetyl-T.V. ..| Orange-buff Spindle-shaped Do. 128° | 5260] 7-16 (7-74) 
prisms 
Di-a-naphthyl-T.V. ..| Violet-black Glistening Brownish- | 216° | 5140| 7-96 (7-52) 
roundish poly- | yellow 
gonal crystals 


. 
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Properties of Diphenyl-thio-violurates. 


TABLE II. 
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Name of the Colour in 5 F Analysis 
compound Colour in the solution M.P. _| (% S. Theo. 
(D.T. =diphenyl-thio- solid state Remarks (aqueous (D) with- 
violurate) acetone) a = in bracket) 
Methylamine-D.T. ..| Deep olive- Glistening hexa- | Greenish- 128° | 6010 | 8-72 (8-98) 
green gonal prisms blue 
Dimethylamine-D.T. Brilliant green Glistening hexa- | Bluish 185° | 6030 | 8-43 (8-64) 
gonal plates emerald- 
green 
Trimethylamine-D,T. | Olive-green Glistening Bluish- 123° | 6015] 8-30 (8-33) 
prisms green 
Ethylamine-D.T. Deep olive- Glistening Deep olive- | 176° | 6050] 8-52 (8-64) 
green needles green 
Diethylamine-D.T. Brilliant green | Glistening hexa- | Deep green-| 128° | 6070] 8-00 (8-04) 
gonal plates ish-blue 
Allylamine-D.T. Greenish-grey Glistening pris- | Bluish- 169° | 6025] 8-12 (8-37) 
matic needles green 
Tsobutylamine-D.T. ..| Deep green Do. Indigo-blue | 178° | 6000 | 8-53 (8-04) 
Tsoamylamine-D.T, Steel-grey Do. Deep blue 162° | 6015] 8-20 (7-76) 
Quinoline-D.T. Salmon-pink Fine needles Pale bluish- | 176° | 5920} 7.32 (7-04) 
green 
Piperidine-D.T Dull terra-cotta Do. Deep green | 184° | 6140] 7-36 (7-80) 
Tsoquinoline-D.T. Salmon-pink Do. Grass-green | 174° | 6009| 7-37 (7-04) 
Collidine-D.T. Light mauve Do. Do, 186° | 6010 | 7-57 (7-17) 
Pyridine-D.T. Bluish-green Microscopic Yellowish- 178° | 5980 | 7-52 (7-92) 
prisms green 
a-Picoline-D.T. .| Dull terra-cotta | Prismatic Sea-green 188° | 5940 | 7-31 (7-65) 
needles 
Lepidine-D.T. Light bluish- Fine needles Turquoise- | 186° | 6030] 7-30 (6-83) 
green blue 
o-Toluidine-D.T. -| Granite-grey Prismatic Dirty 180° | 6025 | 7-95 (7-40) 
needles brownish 
green 
Quinaldine-D.T. Salmon-pink Fine needles Bluish- 159° | 6040| 7-2 (6-83) 
green 
Phenetidine-D.T. (p) | Chocolate- Prismatic Dark olive- | 136° | 6020| 6-73 (6-92) 
brown needles green 
Anisidine-D.T., (0) -| Greenish-grey Rhombic prisms Do. 128° | 6000 | 7-54 (7-14) 


{ 
(D 
a- 
m 
E 
I 
4 


Colour in Relation to Chemical Constitution of Salts 155 
[I1—(Contd.) 
Name of the Colour in & = Analysis 
compound Colour in the solution -P. 18,5. | (% S. Theo- 
(D.T. =diphenyl-thio- solid state (aqueous (D) retical with- 
violurate) acetone) “ in bracket) 
a-Naphthylamine- Dirty brown Glistening Dirty 161° | 5860 | 6-92 (6-83) 
pT. prismatic brownish- 
needles green 
p-Toluidine-D,T. -| Reddish-brown | Prismatic Grass-green | 199° | 6030 | 8-10 (7-40) 
needles 
m-Toluidine-D.T. .| Light oak- Glistening hexa- | Greenish- 164° | 6020 | 7-78 (7-40) 
brown gonal prisms brown 
Brucine-D.T, -| Bright bluish- Cubical crystals | Azure-blue | 180° | 6050 | 4-83 (4-45) 
green 
Potassium-D.T. Deepemerald- | Glistenlng rect- | Brilliant 219° | 6560 | 8-84 (8-81) 
green angular prisms | green 
Sodium-D.T. -| Greenish- black Do. Intense 128° | 6610 | 9-39 (9-22) 
emerald 
green 
Ammonium-D,T, -| Bluish-grey Rectangular Greenish- 213° | 6060 | 9-83 (9-35) 
prisms blue 
Quinine-D.T. .| Light bluish- Cubical crystals | Violet-blue | 139° | 5950 | 5-51 (4-90) 
grey 
Veratrine-D.T. .| Light greenish- Do. Moss-green | 168° | 6080 | 4-10 (3-49) 
grey 
Cinchonidine-D.T, ..| Greyish-blue Do. Deep violet | 140° | 5970] 5-32 (5-16) 
Morphine-D.T, .| Violet-black Do. Carmine- 93° | 5780 | 5-67 (5-24) 
red 
Thebain-D.T. -| Dark grey Do. Brownish- | 123° | 5825) 4-83 (5-03) 
red 
Narcotin-D.T. Greenish-grey Do. Reddish- 103° | 5865 | 4-67 (4-33) 
brown 
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TABLE III. 
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Salts of Higher Homologues and Analogues of Diphenyl-thio-violuric Acid. 


Colour in | 8 3 Analysis 
Name of the Colour in the solution | M.P. |2.8 (% S. Theo- 
compound solid state Remarks (aqueous | (D) 3 Rod) retical with- 
acetone) | = = | in bracket) 
(A) Acid-Di-o-tolyl-thio-violuric Acid. 
Methylamine _ salt ..| Dark olive- | Short hexa- Deep olive- | 153° | 6060] 8-21 (8.33) 
green | gonal prisms green 
Diethylamine __,, Bright bluish- | Rhombic plates | Greenish- 181° | 6190 | 7-84 (7-51) 
green blue 
Triethylamine ,, ..| Violet-grey Small prismatic | Deep sage- | 155° | 6400] 7-32 (7-76) 
needles green 
Quinoline » ++| Light buff | Fine needles Olive-green | 212° | 6075] 7-11 (6-63) 
Sodium a Greenish- 6190 
blue 
(B) Acid-Di-p-tolyl-thio-violuric Aacid. 
| 
Methylamine salt ..| Light grey | Very fine Brilliant | 176° | 6205} 8-23 (8-33) 
' needles blue-green 
Diethylamine __,, Bright bluish- Fine prismatic | Brilliant 142° | 6420 | 7-45 (7-52) 
green needles green 
Trimethylamine ,, Light dull blue | Fine needles Do 164° | 6425 | 7-18 (7-76) 
Sodium a Greenish- | 6150 
blue 
(C) Acid-Di-m-tolyl-thio-violurie Acid, 
Methylamine salt ..| Light greenish- | Rectangular Dark olive- | 160° 6315 8-21 (8-33) 
blue prisms green | (6220) 
Diethylamine __,, Brilliant green | Glistening cubes | Deep indigo-| 185° | 6300 | 7-84 (7-51) 
blue (6160) 
| | 
Trimethylamine ,, ..| Greyish-blue Do. Deep violet | 107° | 5850 | 7-32 (7-76) 
Quinoline » +-| Light buff Fine needles Light dirty | 177° | 6005 6-97 (6-63) 
green 
Sodium = Bluish- 


green 


6235 
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II—(Contd.) 
Colour in Oe Analysis 
Name of the Colour in the solution | M.P. A < (% S. Theo- 
compound solid state Remarks (aqueous | (D) |5 3°°4| retical with- 
acetone) = = | in bracket) 
(D) Acid-Di-m-xylyl-thio-violuric Acid. 
Methylamine salt ..| Brownish-violet | Glistening rect- | Yellowish- | 148° | 6035 | 7-35 (7-76) 
angular prisms | green 
Diethylamine ,, ..| Deepash-grey | Cubic crystals Bright 104° | 6165 | 7-52 (7-04) 
green 
Trimethylamine ,, ..| Dark violet- Rectangular Greenish- 138° | 6150} 7-61 (7-27) 
brown prisms blue . 
Sodium ‘ie Brilliant 6280 
green | 
(E) Acid-Di-o-anisyl-thio-violuric-acid. 
Methylamine salt ..| Medium grey Rectangular Brilliant 151° | 6170 | 7-54 (7-45) 
prisms blue-green 
Diethylamine ,, ..| Grey-blue Rhombic prisms | Emerald 154° | 6265 | 7-38 (6-98) 
green 
Trimethylamine ,, ..| Violet-black Rectangular Deepeme- | 105° | 6280 | 7-36 (7-20) 
prisms rald green 
Sodium +5 Green 6150 
(F) Acid-Di-p-phenetyl-thio-violuric acid. 
Methylamine  salt:..| Medium grey Prismatic Bluish eme-| 142° | 6150 | 7-58 (7- 20) 
needles rald green 
Diethylamine ,, ..| Greenish-grey Cubical crystals | Emerald- 136° | 6350 | 6-43 (6-58) 
green 
Trimethylamine ,, ..| Greyish-green Rectangular Deepeme- | 114° | 6410| 6-32 (6-77) 
plates rald green 
Sodium Bluish green) 6220 
Quinoline », +-+| Leather-brown | Rhombc plates | Brown-red | 136° | 5980/| 6-41 (6-90) 
(G) Acid-Di-a-naphthyl-thio-violuric acid. 
Methylamine salt ..| Dark brown Rectangular Brownish- | 147° | 5960| 7-42 (7-01) 
plates red 
Diethylamine ,, ..| Black Prismatic Do. 153° | 5900 | 6-31 (6-42) 
needles 
Trimethylamine ,, ..| Black Glistening prism- Do. 112° | 5860 | 7-04 (6-61) 
atic needles 
Sodium Violet 5900 


thy 
a 
= 


158 


(Miss) Ione Nitravati Dharam Dass and Sikhibhushan Dutt 


Comparison of the Absorption Maxima of the Violurates, Thio- 


TABLE IV. 


violurates and Diphenyl-thio-violurates. 


Absorption Maxima. 


Figures indicate wave-lengths in Angstrom units. 


alt of Violuric Thio-violuric 

acid acid pee 

Sodium 5830 5828 6610 

Potassium 5830 5847 6560 

Ammonium 5832 5837 6060 

Methylamine 5782 5892 6010 
Dimethylamine .. 5793 5858 6030 
Trimethylamine 5712 5820 6015 
Ethylamine 5697 5870 6050 
Diethylamine 5699 5931 6070 
Butylamine 5532 5850 6000 
o-Toluidine 5626 5928 6025 
m-Toluidine 5678 5941 6020 
p-Toluidine 5684 5950 6030 
a-naphthylamine 5499 5597 5860 
Pyridine 5692 5886 5980 
a-picoline 5692 5907 5940 
Piperidine 5697 6023 6140 
Quinoline 5683 5861 5920 
Quinine 5537 5905 5950 
Cinchonidine 5557 5927 5970 
Brucine 5697 5975 6050 
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Di-o-anisyl-thio-violuric acid 
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Comparison of the Absorption Maxima of the Salts of Diphenyl-thio-violuric 
Acid and its higher Homologues and Analogues. 


Figures indicate wave-lengths in Angstrom units. 


Acid Methylamine [Diethylamine | Trimethyl- Quinoline | Sodium 
(T.V. =thio-violuric acid) salt salt amine salt salt salt 
Diphenyl-T.V. .. a 6010 6070 6015 5920 6610 
Di-o-tolyl-T.V. .. ae 6060 6190 6400 6075 6190 
Di-p-tolyl-T.V. .. ay: 6205 6420 6425 6150 
Di-m-tolyl-T.V. oe 6315 6300 5850 6005 6235 
Di-m-xylyl-T.V. £6035 6165 6150 6280 
Di-o-anisyl-T.V. me 6170 6265 6280 6150 
Di-p-phenetyl-T.V. 6150 6350 6410 5980 6220 
Di-a-naphthylamine-T.V. 5960 5900 5860 5900 


N.B.—Meta and para-tolyl groups have the greatest effect on the colour of diphenyl-thio- 


violurates. 
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In this paper I prove the 

Theorem Let* &,, &, &3, «++ be a set of increasing positive integers such that the 

number of &'s not exceeding x is greater than c, x (for x > Xo) 

where c, is an absolute positive constant. Then the number of solutions of 

where a, b, c are fixed positive integers and n < x, 1s greater than Cz x for large x 

where Cc, is an absolute positive constant. 

A case of this theorem is that the set of numbers which can be expressed 
in the form ax* + by® + cz* has positive density. I do not know whether 
this result is a consequence of the theory of ternary quadratic forms. 

The proof of this theorem depends on the result that 

=O (x*) 
max 
where y (m) is the number of ways in which m = ax* + by? + c2z* (x, y, z 
take + ve, — ve and O values and a, b, c are fixed positive integers). 
The proof of the asymptotic relation, namely, that 
where A is an absolute positive constant, will be developed in a future paper. 
Notation. We take the Farey series of order / and £, , denotes the segment 


for which 
on (PtP _ 
are the limits of variation of @ where S and f are the left-hand and right- 


hand neighbours respectively of 2 in the Farey series of order /n. 


* ie., the &’s have “ positive density ” with respect to the natural numbers. 
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gw) = we (|w| <1) 
a= — 
1 
where 
Then f (w) =8 g (w’) g (w4) 
m=0 
where y (m) is the function defined above. ‘ 
q l 9 oe 
7=0 q q 
where s = 4, 
Lemma 1. S =Sy.9,» =O (V9). 
Proof. 
— #) + 2v mi (m ) 
m=0t=0 q 


Put m =¢ +7, where y runs over q incongruent values (mod q) 


$=@ + q 
Qaipsr® 
= 2 ex ( ) & exp ( —*— }. 
Yr P q g P ( q ) 


Now 2 exp =0 if 2prs $0 (mod gq) 
t q 
=q if 2prs = 0 (mod q). 


Hence since 2prs 0 (mod qg) at most 2s times (0< 7 <q —1) it is clear 


that 
|S)? =O (). 


Lemma 2. On &4 ¢ we have ( for s =a, b, c) 
g (w’) =A, +B, 


where A, = 10 
2 
B, = fz é i) = v 
v=1 Sq id) 
and g (w) =1 + 2w + 2ut + 2w® + --- more (|w| < 1) 
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Proof. See Kloosterman “On the representation of numbers in the form 
ax® + by® + cz* + dt®”’ in Acta Mathematica, Vol. 49, lemma 7, p. 487. 


Lemma 3. = =O (n?’) 
m= 1 
Proof. Now, 


Take p=e ”. Then 
2 4 


< 


and hence the lemma is proved if 


rhs (1) 


\f (pe?) = 0 


q 
y 
| 


On 


By lemma 1 


Now, 


2a 
Since < 6 a d > ” >. 


therefore “3, it follows that 
1 


: 1 
> Min = 2) > Min (> 
1 47 29? 2 8r2 
nq? ( + 6) nq? + 


(Using Min (5 1) provided a, b > 0) andg < yn. 
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Hence 


Hence 


and therefore 


But taking p = e- 


Hence the lemma. 


— 
sg (; -- io) = 
e n <e 8577 8s 
— 7p? 
1 
co sq” io) 


1 


+ 


q 
Par = 2 f | f(w) 
bg Spq 
1 dé 
( af ) 
1 
(4,7) = 2 
Gi + 6) 
yn 
~ 3 
= 0 f = = 0 (n?*). 
7) = 


Concluding Argument. 


Let M (x) denote the number of y < x for which 


+c &,? 
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where the é’s form a set of increasing positive integers having positive 


density. 


| 
= 
v= 
|B,| =0 
From lemma 2 it follows that on fe. — 
1 
g (w’) = 0 
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It will be shown that for x > %9, M (x) > cy x where c, is an absolute 
positive constant. 


Let f(y) denote the number of ways in which y =a &,? b €,? + cé,?. 
Then evidently, 
f(y) <7 (y) 


fly) = 


= 
+ bey? + x. 


a 


< 


where @ (x) denotes the number of é’s which are less than and equal to x. 
By hypothesis, 
(x) > x (x > Xp) 


where c, is an absolute positive constant. So we have 


f(y) 


where c; is an absolute positive constant. 


Using Schwarz’s inequality that if 


a), Ay 
> 0 
by, 
then 
y= l | y= tl 


and putting a, =f (y),6,=1 iff (y) > 0 otherwise 6, = 0 it is seen that 


x x 
Z f(y), 2X =M (x). 


y=1 y=1 
Hence 
3 
f(y) 1< ,/M(x) Py) 
1.€., (x) 2. Mx) 2 #(y) < M (x) O (x°)) 


t.é., M (x) > cy x 


where c, is an absolute positive constant. Hence our theorem. 
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]. THE classical calculus of propositions, found for instance in the Principia 
Mathematica, can be interpreted, as is well-known, as a ¢ruth-value system, 
This is done by attributing to each proposition p a truth-value ¢ (p) which is 
zero or unity according as p is false or true. If now f (p, g, 7, -+-) be any 
proposition which is formed from the propositions p, qg, r, --+ by the opera- 
tions of the calculus (that is, ~, +, -, and> ), it is a condition to be satisfied 
by any truth-value system that f should be categorical, that is, that the truth- 
value ¢ (f) of f should not depend on the actual propositional arguments 
?,4,%,°*+* but only on their truth-values, ¢ (p), ¢ (q), ¢ (7),---. This is easily 
verified by inspection for the propositional calculus ; for: 


t (p +4) = Max (p), ¢ (g)] 

t(p-q) =Min. [¢ (pf), ¢ ()] 

=1—#(p) 

t(p> 9) =Max [1 —¢ (A), ¢ (g)]. 
The laws of the propositional calculus are those propositions f (p, q, 7, «+°), 
which are true whatever be the truth or falsity of p, g, 7, «+>. 


This idea has been generalised by Lukasiewicz and Tarski who have 
constructed a logic of propositions with m +1 truth-values denoted for 
, 7, 1. The implication-relation C of the calculus 


t(pCq) = (p) (q) 
=1—#(p) +#(q), ift (p) >¢ 
Two propositions ~, g are logically equivalent when each implies the other ; 


from the truth-value ¢ (p C q), this can happen only when # and qg have the 
same truth-value, since 


2) 


1 
convenience by 0, = 


is defined by : 


[t (p) <# (9)). =# ). 
Further, negation is defined by : 


t(~p) =1 (9). 


165 


© 
| 
26 


166 R. Vaidyanathaswamy 


Logical addition (\/) and multiplication () of propositions are now defined 
by: 

pV q=pCq-CqDf 

V Df. 

The meaning of the operations C, ~, \/, / thus defined should not be 
identified with the broad meaning given to these same operations in the 
two-valued calculus. As a matter of fact, Y, A, ~ can not have the ordinary 
meanings, or, and, and not, since the law of excluded middle and the law of 
contradiction do not hold ; for 


t(p V q) =t (pC q-CQq) by definition. 
If ¢ (p) (9), ¢ (PC g) = 1, and therefore ¢ (p C q-Cq) = ¢ (q). 
Ift(p) >¢(g),¢ (PC 4) =1 (p) +# (9) and 
t(pCq-Cq) =1 (p) +t (q)] +#(g) =F (p). 
Thus ¢(p V g )= Max [¢ (p), ¢ (q) J. Similarly 
V ~@ = +1 — Mex. 1 
= Min (p), ¢ (A) }. 
In particular : 
t(p V ~ p) =Max [t (p), 1 #1 
t(p A ~ p) = Min (p), 1 —¢ (p)] #0. 
Thus the laws of excluded middle and contradiction both fail. The actual 
meaning to be attached to the operations of the many-valued calculus must 
be discovered from considerations of probability.* For, the limiting form 
when » becomes infinite, of the Lukasiewicz-Tarski logic is the logic of 
probability. 

II. ‘The purpose of this paper is not the investigation of the meaning 
of the operations of the many-valued calculus. It is on the other hand to 
arrive at a view of many-valued logics which is somewhat more general 
than that of Lukasiewicz and Tarski, and includes their extension as a 
special case. The view which I wish to advance is : the truth-values attributed 
to propositions in any propositional calculus must be elements of, what I shall 
call, a quasi-boolean algebra. By a boolean algebra is meant an algebra which 
is constructed on the model of the algebra of all subclasses of a given class. 
By a quasi-boolean algebra, I shall mean an algebra which is constructed on 
the model of the algebra of all subclasses of a given class containing groups 
of like elemenis. ‘This requires further explanation, as it is not evident as 
to what is meant by the algebra of all subclasses of a given class, when the 
class contains like elements. The explanation is supplied in what follows. 


* For these meanings see Lewis I and II. 
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III. The Simple Quasi-boolean Algebra. 


The simple quasi-boolean algebra may be defined to be an algebra 
constructed on the model of the algebra of all subclasses of a class, all of 
whose elements are alike. ‘To study this algebra, consider a class C,, com- 
posed of 2 like elements. Since the elements of C, are indistinguishable, 
two subclasses of C,, containing the same number ¢ of elements are indis- 
tinguishable from one another. Hence C, has precisely n + 1 subclasses, 
containing respectively 0, 1, 2, ---, m elements. ‘Thus the subclasses are 
in (1, 1) correspondence with the integers =m, and are in linear order. 


The sum and product of two subclasses c, c’ are defined generally as 
the classes containing the elements of c, c’, and the elements common to 
c, c’, respectively. These definitions would however be ambiguous if 
applied to two subclasses c,, c, containing respectively 7, s elements of C,,. 
To remove the ambiguity we consider the extreme cases of indetermination. 
We shall say that c,, c, are in the position of maximum incidence, when they 
have as many common elements as possible, and in the position of minimum 
incidence, when they have as few common elements as possible. The sum 
and product of c,, c, in the position of maximum incidence are defined to 
be their quasi-boolean sum and product. It follows from this definition, 
that if ry +s, 

Cy + Cy =C, 
Cp Cp 
Hence also : 
Co + Ce = Ce; Co lz = Co 
Cu + Cp = Cy; Ca Ce = Cp. 


The associative and commutative laws hold for these two quasi-boolean 
operations, as well as the existence of zero and the unit. Further, just as in 
boolean algebra, each of these quasi-boolean operations distributes the other. 

For 

Cy (Cc, =cz;k = Min [r, max (s, 
Cy Cy + Cy Cy = Cy; Pp = Max [min (7, s), min (7, 
We easily verify : 

Min [v, max (s, t)] = Max [min (r, s), min (7, ¢)], for any three integers 


Thus this distributive law and similarly the other distributive law are seen to 
hold. 


The negative ¢, of the quasi-boolean element c, is defined to be the sub- 
class which remains when c, is removed fromC,. It is clear that c¢, = cy_,, 


i, 
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and C, =c, as in boolean algebra. Further with this definition of the 
negative, the principle of duality holds just as in boolean algebra. For, 


(c, + ¢,) = cg = max (r, s) 

Cy Cs = = Since n — k = min (n — 7, n—s), 
Thus (c, + ¢,) = ¢, ¢,; similarly (¢,-¢,) = + ¢,. 
However, the two boolean laws  c, + ¢,=1, c,-e, =0 no longer hold. 
We have in fact, 


Cy + Cy = Cy + = Cg; k = max (r, n — 7) 
= Cy = = min (7, m — 7). 


Further, in the simple quasi-boolean algebra we can define the relation 
‘contained in’, (<<) as follows : 


Cy < C, means C, + C, = C,. 


Then, just as in boolean algebra, we can define the two quasi-boolean 
operations + and x in terms of the relation < and its converse > ; namely, 
c, +c, is the element which contains c, and c, and which is contained in 
every element containing c, and c,; with a similar definition for c,-c,. 
By means of the relation <, the simple quasi-boolean algebra is linearly 
ordered. 


IV. The Group-operation of the Simple Quasi-boolean Algebra. 


We shall now shew that if we take the subclasses c,, c, in their position 
of minimum incidence, then the formation of their sum and product can be 
effectively combined into a single operation, which is a group-operation of the 
simple quasi-boolean algebra, and exhibits it as a cyclic group of order » + 1, 


For, if y +s > n, the classes, c,, c, have no common element in their 
position of minimum incidence, hence c, + = = Cg; while if 
y +s >n, the classes will have y +s —n common elements in minimum 
incidence, so that c, +c, =¢,; C,*C, Discarding the trivial 
results c, and c,, we see that sum and product in the position of minimum 
incidence can be combined into a single operation R such that: 


cyRe, k= least positive residue of ry + s mod (n + 1). 


Thus c, Rc, is the sum of c,, c, in the position of minimum incidence if 
y +s <n +1, and is otherwise the largest proper subclass of the product 
of c,, c, (in minimum incidence). It is clear that R is a group-operation of 
period » + 1, and that the simple quasi-boolean is a cyclic group with respect 
to R. Contrary to what happens in boolean algebra, R cannot be expressed 
in terms of the quasi-boolean operations. 
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The definition of R is slightly more simple when n is infinite ; namely 
tyRc, =¢, +, or c, c, in the position of minimum incidence, according 
as Measure (c,) + Measure (c,) < or « Measure (cy). 

V. The General Quasi-boolean Algebra. 


The general quasi-boolean algebra may be defined as the vector com- 
pound of any number of simple quasi-boolean algebras, S,, S), +++. If s; is 
an element of S,;, the quasi-boolean operations for the vectors 


are defined by : 
o = (81, 8, +o" = (Sy +5)’, Sy +59’, 
go’ = Sy’, 
It is clear that o > o’ only if each s; > s/. 

A simple example of the finite quasi-boolean algebra is the algebra 
(which has been known for a long time) of divisors of a number 
N= p11 po ++ +p,"r, where the are distinct primes. The quasi-boolean sum 
and product of two divisors d,, d, of N, are respectively their greatest common 
divisor and their least common multiple. The quasi-boolean negative of 


any divisor d is the conjugate divisor >: The divisors of N represent in 


fact subclasses of a class with , like elements ,, , like elements p,, ---, n, 
like elements p,. It may be shewn that the number of elements in the general 
finite quasi-boolean algebra must be of the form d (N) (= number of divisors 
of N) and that the algebra is identical with the algebra of divisors of N. 


More generally, it may be shewn that a set of elements with a reflexive 
transitive relation <, and a negation operation (a), is a quasi-boolean algebra, 
if the following postulates hold : 


(l)a<b-b<a:> :a=b. 

(2) a<b?+-b<a. 

(3) a=a 

(4) For any two elements a, b there exists a unique element x, such that : 

We write x =a + b. 

(5) There exists two distinct elements 0, 1, such that 

0 < x < 1 for every element x. 

(6) a (b +c) =ab + ac, where the product is defined by xy = (x + y). 

(7) A postulate for ensuring that the elements of a simple quasi-boolean 
algebra are in linear order. 
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The quasi-boolean algebra may be split up into its simple quasi-boolean com- 
ponents, by a theory of minimal elements as in the case of the boolean algebra, 


VI. The Truth-value System. 

Consider a logic of propositions with an implication-operation C., 
Whatever be the meaning of implication, the relation of implication must 
be reflexive and transitive, and must be related to denial in such a way 
that p Cq is logically equivalent to ~ gC ~ . Assume further two logical 
operations \/ and /\ (corresponding to or, and and), with the properties : 

PCPV |g; 

(with similar properties of ,). In the Lukasiewicz-Tarski logics p \ q is 
defined in terms of C as p C q-Cq. 

If we attribute to the propositions p of the calculus, a system of truth- 
values [¢ (p)], we have to require that the logical relations and operations 
should be exactly imaged in corresponding relations and operations in the 
system [¢ (p)] of truth-values. Hence the system [¢ (p)] admits a reflexive 
transitive relation < corresponding to C,a unary operation of negation, 
corresponding to denial, and standing in such relation to < that ¢, < #, is 


equivalent to t, <¢,, and further two operations + and x, which can be 
defined in terms of < , by means of : 


+9; 
Ifp <vandq thenp +g <7, 

with similar definitions for p -q. 
These facts shew that the general features of the structure of the system of 
truth-values, are such as to render the system a quasi-boolean algebra. 

When the quasi—boolean algebra is a stmple one, we have the truth-value 
system of Lukasiewicz and Tarski. 

When the quasi-boolean algebra reduces to a two-element boolean 


algebra (which is a particular case of the simple quasi-boolean algebra), 
we have the ordinary or classical two-valued logic. 
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Tue determination of the coefficient of viscosity of air has become of 
special interest within the last few years since the suggestion of Shiba! (1932) 
that an error in the adopted value of this quantity was responsible for the 
discrepancy between the values of electronic charge determined by the oil-drop 
and X-ray methods. Since then, Kellstrom? (1937), Bond* (1937), Houston* 
(1937) and Rigden® (1938) have determined the value of the coefficient of 
viscosity, either by the capillary tube method or by the rotating-cylinder 
method. Their results when substituted in Millikan’s data for determining the 
electronic charge, gives a value for “‘e’’ which is in fair agreement with the 
value of the same constant as determined by X-ray. method. In 1923, 
Wagstaff* suggested a method of measuring this coefficient and in these 
investigations, his apparatus and method have been improved. ‘The results 
of the preliminary experiments made with the improved apparatus were 
published? in 1936, but the apparatus was further improved, and the results 
obtained are given in this paper. 


I. Experimental Arrangement and General Method of Work. 


The apparatus used in these experiments for measuring the viscosity 
coefficient of air does not differ in principle from the one used by Wagstaff, 
but devices to dehydrate the gas and to measure automatically the time 
during which the gas flows through a capillary tube have been added. An 
arrangement to keep the gas at constant (atmospheric) pressure has also 
been devised. 

The apparatus may be said to consist of four parts, namely, (1) the 
exhaust chamber, (2) the reservoir of gas, (3) the dehydrating system for 
gases, and (4) the automatic device for measuring time intervals. 

The general lay-out of the apparatus is shown in the figure and the 
inset shows details of the holder for the microscope cover-slip. 

(1) The Exhaust Chamber.—Wolfe’s bottles A and B form the exhaust 
chamber and their total volume is about 5,000 c.c. In the mouth of the 
bottle A is placed the holder for clamping the microscope cover-slip. It is 
a tightly fitting brass tube which is threaded at its upper end on its outer 
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surface. On top of this tube is placed a thick copper-plate with an aperture 
of radius 0-79cm. Due care was taken that the centre of the plate was on 
the axis of the tube. Over this plate a microscope cover-ship of thickness 
0-0225 cm. was placed, and the latter was tightly clamped by screwing a 
brass-cap over the tube. This brass cap had an aperture of radius 0-79 cm., 
which coincided with the aperture of the plate. Thus an area of 0-79 cm. 
diameter was acted on by the difference of pressures of the atmosphere and 
that within the exhaust chamber. 


An optically plane circular plate of the same diameter as the exposed 
part of the cover-slip was placed in the cap over the cover-slip. Newton’s 
rings formed according to ordinary arrangements were observed by a micro- 
scope. Any change of pressure within the exhaust chamber changed the 
sag of the cover-slip and the number of. Newton's rings that converged 
towards the centre were counted from which the change of pressure was 
calculated according to Wagstaff’s formula. 

(2) The Reservoir of Gas.—R, and Ry, the reservoirs of liquid paraffin 
oil and gas respectively, are cylindrical copper vessels of about 6 litres 
capacity and tinned inside. As the gas in R, is at atmospheric pressure and 
that in the exhaust chamber is below that pressure, gas flows out from R, 
through U, and U, and the capillary tube, to the exhaust chamber. ‘Thus, 
the pressure within R, should in the ordinary course decrease, but in this 
arrangement, paraffin oil flows from R, to R, and the gas remaining in the 
latter reservoir is compressed, and the flow of paraffin is so adjusted (by 
means of the tap T;) that the pressure remains nearly constant (atmospheric). 
The manometer M,, which contains liquid paraffin oil, shows the change in 
pressure, if any, in R,. The use of liquid paraffin is preferable on account 
of its low coefficient of viscosity and also because its vapour pressure is 
negligible compared with other equally viscous liquids. It is interesting 
to find that Bond? has also used paraffin oil for the same reasons, although 
it may be pointed out that this liquid was used even in the initial experiments 
the results of which were published in September 1936. 


(3) The Dehydrating System for Gases.—Air is led to the apparatus 
through sulphuric acid in jars J, and J, and is stored in the vessel R,. Air 
is then led to the exhaust chamber through the CaCl, tubes U, and U, and 
the capillary tube. Thus air passing through the capillary tube is dehydrated 
as far as is possible. 

(4) Automatic Device for measuring Time Intervals —The manometer 
M, serves a double purpose—firstly, it shows the initial pressure to which 
the cover-slip is subjected and secondly, it serves to complete the electrical 
circuit which operates the time recorder. A platinum electrode is fused in 
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the bend of the U-tube of the manometer, and a thick copper wire capable 
of sliding in one arm of the tube forms the other electrode. These electrodes, 
together with an accumulator, a pair of magnet-coils and a switch are all 
connected in series. ‘The magnet-coils are from an electric bell, from which 
the make-and-break contacts are removed and the armature carries a sharp 
lead pencil which can press against a drum which rotates at a very steady 
rate by means of a clockwork. The pencil point draws a line on the paper 
wrapped around the drum, only when mercury in the manometer M, 
completes the electrical circuit. ‘The magnet-coils are mounted on a carriage 
which can move horizontally on guide-rails. By means of a mechanical 
arrangement, the carriage moves horizontally simultaneously as the chrono- 
meter drum revolves. Thus, the pencil point actually draws a spiral on the 
paper, and by previous calibration the length of the line gives the time interval 
during which the current was allowed to pass through the magnet-coils. 


On an inspection of the general lay-out of the apparatus, it will be 
noticed that even if the switch S is closed, current will not be fed to the time 
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General lay-out of the apparatus. Inset shows details of cover-slip holder. 


A, B-Wolfes’ bottles; J,;, J,-H.SO, dehydrating jars; M,, M,—Manometers ; 
R,-Reservoir of Paraffin Oil; R.—Reservoir of air; S-Switch; T;, T>, T;, T,-Glass 
taps ; T;-Water tap ; U,, U.-CaCl, tubes. 
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recorder if mercury does not complete the electrical circuit between the 
platinum electrode and the thick copper electrode placed in the open limb 
of the manometer M,. ‘Thus the current is fed to the time recorder as soon 
as mercury rises to a predetermined height in the open limb of the mano- 
meter, which can be adjusted by moving the thick wire up or down, as 
required. Again, as soon as the coils are energised by the flow of current 
through them, a light tick is heard as the pencil point is pressed against 
the chronometer drum, which gives the signal to the observer to begin counting 
the rings which converge towards the centre, as seen through the micro- 
scope. Thus this arrangement is automatic because the time recorder is 
put into action as soon as a predetermined pressure is reached in the exhaust 
chamber and the observer has only to open the switch to break the electrical 
circuit, after a given number of Newton’s rings have converged to the 
centre, the time interval being marked on the paper. 


After the apparatus had been set up, a special experiment was performed 
to determine Young’s Modulus for glass of cover-slip, using Wagstaff’s 
formula, which is, 

45 

288N 

where “‘E”’ denotes Young’s Modulus, “¢”’ the thickness of the cover-slip, 
“R” the radius of the surface of the cover-slip subjected to pressure, ‘ p’”’ 
being the change in pressure when ‘‘ N ’”’ Newton’s rings of wave-length “A” 
converge towards the centre. The value of “E”’ for glass of the cover-slip 
used in these experiments was 5-8 x 101! dynes per sq. cm., and incidentally 
this experiment also gave the value of the ratio p’/N as being 0-2136 cm. of 
mercury per Newton’s ring, that is, that if a Newton’s ring converged 
towards the centre, the pressure changed by 0-2136 cm. of mercury. 


When an observation was to be taken, the reservoir R, was first com- 
pletely filled with paraffin oil and the reservoir R,, which was empty, was 
placed at a lower level than the former. Paraffin oil is then made to flow 
from one of the tubes attached to the Y-shaped tube of the reservoir 
R, to the reservoir R,. The glass tap T, is then opened to the atmos- 
phere and as paraffin oil flowed out from the reservoir R, its place was 
taken by air. Thus when the cylinder contained no paraffin, it was full of 
dehydrated air. 


The pressure in the exhaust chamber was then reduced by means of 
the filter pump and the relative heights of the mercury columns in the two 
limbs of the manometer M, were measured by means of a carefully adjusted 
cathetometer. The thick wire in the open limb of the manometer was then 
so adjusted that its point just touched the surface of the mercury column 
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in that limb. With the adjustment of the initial pressure, the barometer 
was also read, as well as the thermometer. 


The flow of paraffin oil was so adjusted that the mean pressure during 
the experiment (in the reservoir R,) remained at nearly the atmospheric 
pressure and also that the difference from this pressure was as small as 
possible. ‘The tap T; was left untouched and a pinch-cock stopped the flow 
of paraffin. 

The pressure within the exhaust chamber was then reduced to a value 
slightly less than the predetermined initial pressure to accustom the eye of 
the observer to the passage of Newton’s rings and also to be ready to begin 
the count as soon as the initial pressure was reached. 

The tap T, near the capillary tube was then opened (the pinch-cock 
on the rubber tube connecting the two reservoirs having already been 
removed), gas flowed from R, to the exhaust chamber and the pressure 
within the latter increased, and Newton’s rings were seen to converge towards 
the centre. As soon as the predetermined initial pressure was reached in 
the exhaust chamber, the time recorder came automatically into action. 


After the required number of rings had converged towards the centre, 
the tap near the capillary tube was closed and the pinch-cock again applied 
to the rubber tube to stop the flow of paraffin oil. Of course, the electrical 
circuit had already been broken by means of the switch S, when the last ring 
disappeared. 

II. The Formula Used in Calculations. 


The formula used in the determination of the coefficient of viscosity 
is the same as that given by Wagstaff, namely, 
nat T ps 

4 {es + pith" | bs 
Se 
perhi 

where the gas of viscosity ‘“‘”’ flows through a capillary tube of length 
“L” and of radius “‘a’’, the total volume of the apparatus being ‘“‘S ”; 
the pressure difference at the two ends of the capillary tube is “ ~,—),”’ 
initially, “‘ »,’’ being the atmospheric pressure, the gas having flowed for 
a time “ T’’’ during which the initial pressure has changed by an amount 
“p'”, the latter being given by the formula on page 174. 

The total volume of the apparatus, ‘““S’’, was determined by filling the 


whole exhaust chamber from the tap T, to the tap T, with distilled water, 
and then measuring its volume. 


a= 


The various constants for the apparatus used in these experiments were 
as follows :— 


176 V. D. Majumdar and M. B. Vajifdar 


Thickness of cover-slip = ¢ = 0-0225¢.m. 

Radius of aperture in cap of the cover-slip holder = R = 0-79 cm. 

Young’s Modulus for glass of cover-slip (determined from experiment) 

= E =5-8 x 10" dynes per sq. cm. 
Total volume of the apparatus = S = 5,045 c.c. 
Capillary tubes of different lengths and bores were used (four different 
tubes). 
III. Results. 

In these experiments, the mean of three readings of the time interval 
for a given number of rings at a fixed initial pressure was used for calculations, 
and the value of the viscosity coefficient of air was determined from each 
separate reading, which corresponded to a particular temperature. The 
value so obtained was corrected for temperature by using the formula due to 
Millikan® (1913), namely, 

c. = Nec. + 9:000000493 (23 — 6), 
where 7.30 -, stands for the coefficient of viscosity of air at 23°C. and ng... 
for the same coefficient at @°C. 

A typical set of readings (using capillary tube No. 3, 1 = 22-45 cm. 
and a = 0-02378 cm.) is given in Table I. 

TABLE I. Temperature = 31-4°C. 


otHe | N | Tsecs. | 
12-62 76-38 63-76 5 | 16-0 1878-57 
10| 33-3 1871-78 
15] 52-5 1876-04 
20 | 73-7 1874-28 
25 | 97-6 1872-66 
30 | 125-4 1876-12 
35 | 158-0 1876-07 
40 | 198-0 1876-76 
45 | 250-0 1878-46 


Mean value of 75,.40 = 1875-94 x 10-7 c.g.s. units. 
Calculated value of 7,30, = 1834-528 x 10-7 c.g.s. units. 
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In Table II is given the summary of results obtained in these experi- 
ments. 


TABLE IT. 

Temperature X 10? X 10? 
PC ¢c.g.8. units ¢.g.8. units 
28-8 1863 -05 1834-456 
28-6 1862-48 1834-842 
28-6 1861-80 1834-292 
29-2 1864-71 1834-144 
29-6 1867 -06 1834-522 
31-4 1875-94 1834-528 
28-2 1859-96 1834-324 
29-4 1865-86 1834-134 
27-0 1853-91 1834-185 
27-2 1855-35 1834-644 
28-6 1862 -02 1834-412 
29-0 1863-81 1834-230 


The mean value of the readings in the last column gives 73,0, = 
1834-38 x 10-7 c.g.s, units with a variation of + 0-35 x 10-77 cgs. units. 
Thus the mean of 94 independent readings gives the value, 7230, = 
(1834-38 + 0-35) x 107 c.g.s. units. 


The value of 7 when substituted in Millikan’s original data, in place of 
Harrington’s value, gives the value of the electronic charge, 


(18344)% 
(18226) 
= 4-816 = 10- es. units. 
Thus, it has been possible to show that the use of this apparatus in the 
determination of the coefficient of viscosity of air can lead to accurate 
value of this constant, which in turn gives a very good value of the electronic 


charge which agrees quite closely with the value found by other methods, 
A2a 


x 4-77 x 10-18 units 


ry 
| 
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Summary. 


Using a modified form of Wagstaff’s apparatus for measuring the co- 
efficient of viscosity of air by the method of interference fringes and using 
capillary tubes, the value of 7,,.,. has been found to be (1834-38 + 0-35) x 
10- c.g.s. units. The value of the electronic charge, e, calculated with this 
value of 7 is 4-816 x 10- e.s, units. Both these values are in close agree- 
ment with those obtained recently by other workers using different methods. 


Addendum. 


There is a note by Bannerjea and Pattanaik in Nature (4th June 1938, 
141, 1016) on “ Viscosity of Air and Electronic Charge’’. A similar note 
was published by the authors in Current Science (Majumdar and Vajifdar, 
Current Science, 1936, 5, 133). 
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1. We have seen in the first paper of this series! that the totality of 
turbines in a metrical S,, may be represented by the points of a projective 
S,+2, the oriented spheres (which are particular turbines whose Mobius- and 
Laguerre-spheres coincide) corresponding to points on the Lie quadric 

Q(X, X) = +424 + — = 0 (1-1) 
The Projective Group in $,;2 which keeps 2 invariant (the Lie Group) is 
associated in the sense of Klein’s Erlanger programme with Lie Geometry 
which is the invariant theory of transformations which carry turbines into 
turbines and oriented spheres into oriented spheres and conserve proper 
contact. Among the sub-geometries of Lie’s geometry only two have 
received detailed attention, namely, those associated with the sub-groups 
of the Lie Group which have the prime x) + x, = 0 corresponding to spheres 
of infinite radius, and the prime x,,, = 0 corresponding to spheres of zero 
radius as invariant primes. ‘The former of these is Laguerre’s geometry of 
oriented lines and spheres, and the latter is the one based on the inversion 
group and may be called Inversion Geometry or Mobius Geometry. 

In this paper it is proposed to discuss the main features of the sub- 
geometries of Lie obtained by taking any one of the pencil of primes 
Rk (%) + + =0 as an invariant variety, and to obtain a principle 
of transference by which any result of Mobius Geometry may be associated 
with a corresponding result in any other Geometry of the Mobius-Laguerre 
pencil. While the existence of these geometries is hinted* in Prof. Blaschke’s 
monumental work Vorlesungen uber Differentialgeometrie of which the third 
volume is devoted to circle and sphere geometries, the introduction of the 
turbine concept is a powerful help in giving concreteness and reality to these 
geometries. 


1“* The concepts of Turbine Geometry,” Journal of the Indian Mathematical 
Society, 1938, Vol. III, No. 3. This paper will be referred to as T.G.I. The reference 
here is to T.G.I., para 4. 

2 Blaschke, Differentialgeometrie, III, 1929, p. 208. 
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Invariant Concepts of G,. 

2. We define the geometry G, as the invariant theory of the 
(n + 1) (nw + 2)/2 parameter group of projective transformations which carry 
Q into itself and have the prime 

= K) =k + %1) — = 0 (2-1) 
as an invariant prime and hence also its pole K= (— &, k, 0, 0,-+-0, 1) as an 
invariant point. The geometries Gy and G., corresponding to k = 0 and 
k — co are the geometries of Mobius and Laguerre respectively. 

On the algebraic side, the determination of a complete system of 
invariants of a system of » oriented spheres or turbines is equivalent to the 
determination of the invariants of one quadratic form and a set of m +1 
linear forms in cogredient variables, one associated with each turbine (by 
polarisation w.r.t. 2), and the invariant form (2-1). 

In this geometry, oriented spheres of radius k play a peculiar réle so 
that it is convenient to have a special name for them. We call them k- 
spheres. We shall also use a prefix & attached to any concept of Mobius or 
Laguerre geometry to denote the corresponding concept of Gy, e.g., k-inver- 
sion. 

Corresponding to the angle and the tangential segment which are 
invariant respectively in Gp» and G.,, we have here a basic invariant which 
can be expressed either in terms of an angle or of a length which we proceed 
to define. Consider two surface elements of a k-sphere. These determine 
two points P, Q and also two oriented primes f, g, one through each point. 
The angle + 0 between the oriented primes is determinate mod. 2 7 and 
will be called the “angle between the two surface elements’. The arc 
length + s between the points P, Q measured along the great circle through 
PQ is also determinate mod. 2 7k and will be called ‘the arc segment” 
between the oriented surface elements. They are connected by the relation 
that the latter is & times the former. 


3. Firstly we notice that x,+2/(%¥9 + %*,) =~y the oriented radius of the 
inner sphere of the turbine X. From (2-1) we see that 
the transformations of Gz carry every turbine of inner radius k into 
another turbine of inner radius k. In particular they carry 
oriented spheres of radius k into oriented spheres of radius k. (3-1) 


We have seen that in Lie’s geometry and hence also in its sub-geometries 
proper contact is conserved and hence that these are essentially geometries 
of surface elements. It is thus important to know how the surface elements 
of a k-sphere are carried over into the surface elements of the transformed 
k-sphere. Taking » neighbouring k-spheres, these are carried over into ” 


1 
( 
‘ 
‘ 


Studies in Turbine Geometry—ITI 181 


neighbouring -spheres. In the limiting position m such spheres have in 
common a pair of diametrically opposite surface elements. ‘Thus a pair of 
diametrically opposite elements of a k-sphere correspond to a pair of dia- 
metrically opposite surface elements of the transformed k-sphere. From 
this follows easily the following basic theorem of G, geometry : 
The angle and the arc segment between two surface elements of a k-sphere 
ave invariants in the geometry Gz. (3-2) 
If we take two oriented spheres we can in general find a k-sphere S having 
proper contact with both. The transformations of G,; carry the two spheres 
into two others which touch S’ the k-sphere which is the transform of S. 
Applying (3-2) to the two contact surface elements and their transforms, we 
see that 
the angle and the arc segment between the surface elements in which a 
k-sphere touches two oriented spheres are invariants in Gg. (3-3) 


In G, (Mobius Geometry) the arc segment is of zero length and the angle 
(angle of intersection) is the only invariant. On the other hand, in G, 
(Laguerre Geometry) the angle is zero and the arc segment becomes the 
common tangential segment. 


4, The Fundamental Involution I : Associated Spheres and Turbines. 
The involution I (projective transformation of period two) which has K 
for a fixed point and its polar prime z, for fixed prime carries 2 into itself 
and is called the fundamental involution I of G,. It associates oriented 
spheres in pairs in such a manner that the tangent primes at the corresponding 
points on 2 meet on z,. Interpreting this we have the result 


Two “‘ associated spheres”’ S, S’ which correspond to points on Q 
collinear with K have the property that each is the envelope of k- 
spheres touching the other. Hence the spheres S, S’ are concentric 
and the sum of their radii is 2k. (4-1) 

In Gy (Mobius Geometry) two associated spheres differ only in orientation, 
while in Laguerre Geometry the associate of every sphere is the point sphere 
lat infinity (vide T.G.I. 4-5). 

We have seen in T.G.I. para 2, that a turbine may be defined by means 
of its inner sphere c and the tangential segment ¢ or through its outer sphere 
C and the angle a, these two specifications using respectively the invariant 
concepts of Gy, and G,, respectively. Exactly in the same way, we may 
define a turbine in terms of the concepts of G, as follows. All the k-spheres 
which touch a turbine have for envelope two ‘“‘ associated spheres” S S’ 
Whose radii are k +p and & —p where 


+ — BY. (4-2) 


q 
he 


182 A. Narasinga Rao 


To obtain the turbine (c, ¢), we take every oriented surface element of S and 
slide it along the unique #-sphere through it in all directions so that it makes 


a constant angle 8 with its old position; in other words move it through 
a constant arc segment k 8 —where 


tan B =d/(r — R). (4-3) 
The same turbine may also be obtained by treating the surface elements of 
S’ in a similar manner the angle and the arc segment being, however, now 
(7 —B) and k (7 —8). If the angles (or the arc segments) to be taken with 5S and S’ 
be interchanged, we shall get another turbine which is the transform of the 
original turbine in the involution I. ‘Two such turbines correspond to points 
in S,+2 collinear with K and separated harmonically by K and zz. When B 
is a right angle, the two turbines coincide and the point lies on z, so that 
the inner radius of the turbine is A. 


From the equality of the are segments 
k (x — B) and k& B we deduce that 


When a k-sphere touches a k-turbine (a turbine whose inner radius is 


k), its section with the outer sphere of the latter is a diametral section 


of the k-sphere. (4-4) 


In such a case we say that the k-sphere is bisected by the outer sphere of the 
turbine. In the correspondence which we shall be later setting up between 
G, and G,, non-oriented spheres of radius k correspond to points and their 
bisection by other spheres to the incidence relation of points and spheres 
(vide para 7). 

Since by (5-2) the angles 8 or a — 8 either of which may be used to 
specify the turbine are invariants in G;, it may be expected that tan? £ will 
be an absolute invariant of the turbine under the transformations of Gz. 


5. Invariants of a System of Turbines. 


For real transformations of the Lie group a single turbine X has but 
one invariant—the sign of 2 (X X). If this is positive R? —7*? =? is 
positive and ¢ is real ; if it is negative R? < 7? and ¢ is imaginary. 
In G, a turbine X has a single absolute invariant, namely 

Q (K, (XX) Q(KK) = —(r — (5-1) 
which represents the square of the cosine of the non-Euclidian separation of 
the points K and X with Q as the absolute quadric. Its value is — cot? B 
where §f is the angle mentioned in the previous para. When the invariant 
(5-1) vanishes 8 =7z/2 and the turbine has an inner radius &. When it 
becomes infinite 8 = 0 and the turbine is a sphere. 


For two turbines X, = (c,, ¢,;) and X, = (cg, tz) we have, besides their 
separate invariants cot? 8, and cot? f, a joint invariant in Lie’s Geometry 


= 
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and hence also in its sub-geometries, namely 
Q (KX, (Ky, Xe) = — — (5-2) 
where /¢,,. is the length of the common tangential segment of c, and c,. If 
both the turbines are of inner radius k, we have a simple geometrical inter- 
pretation for the joint invariant (5-2). We take a k-sphere which has proper 
contact with both the &-turbines X,, X, and which is therefore cut by their 
outer spheres in diametral prime sections which are respectively perpendi- 
cular to the lines joining its centre with those of the turbines. The triangle 
formed by the three centres has sides ¢,, 4, and ¢,, and hence the invariant 
(5-2) is the square of the cosine of the angle between the two diametral 
primes. Since the first member of (5-2) represents the square of the cosine 
of the non-Euclidean separation of X, and X, with respect to the absolute 2, 
we see that 
we may identify the non-Euclidian separation of the points repre- 
senting two k-turbines with the angle between the two diametral 
prime sections of a k-sphere touching both the turbines, along which 
it is cut by the outer spheres of the two turbines. (5-3) 
If the given turbines have an inner radius other than k, we have under 
G, an absolute invariant 
Q (X, X,) 2 (K K) = 2 (X, K) Q (X, K) 
= (tie? — — + — 1) (& — 19) 
= (@ + — ty — t?) + (k — (Rk — 72) 
=2 + [@ — (rn, — — (r. — —t? — + (7, — 2) — 
where d is the distance between the centres of X, and X,. (5-4) 
When the two turbines are spheres, ¢, and ¢, vanish and 7, —k, 7r,— k, 
d are the sides of a triangle formed by the centres of the spheres and of a k- 
sphere which has proper contact with both of them. Hence the invariant 
(5-4) is 4 sin® A/2 where A is the angle subtended at the centre of the k-sphere 
by the centres of the given spheres, 7.e., it is the angle between the surface 
elements which the k-sphere has in common with the two given spheres. 


6. The non-oriented Sphere in the Geometry Gy,. 


If we restrict ourselves to turbines of inner radius k, the representative 
point lies on zz and is subject to transformations induced on this prime by 
the projective group of G, in the ambient space S,,42. The resulting geometry 
may be considered as a geometry of non-oriented spheres in S,, since every 
k-turbine has a non-oriented Mobius sphere, and conversely from any non- 
oriented sphere we may obtain a k-turbine by associating with it a concentric 
inner sphere of radius k, ‘The section Q, of Q by 7, is an invariant variety, 
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the points on which correspond to spheres of radius k and such spheres are 
carried over into other spheres of radius k, ‘They play the same part here 
as points do in ordinary Inversion Geometry. Unless otherwise stated, 
every sphere mentioned in this para is to be considered non-oriented, 

The fundamental operation here is “ k-inversion with respect to a given 
sphere S”. his is an involutoric transformation of k-spheres into k-spheres 
which interchanges the two k-spheres in any coaxal system of spheres of 
which $ is a member. If a k-sphere is bisected by 5, then it is its own trans- 
form in the k-inversion determined by S. If we take the k-sphere as the basic 
element of the geometry G,, any sphere not of radius k may be regarded as 
the totality of k-spheres bisected by it. In this sense 5 is its own inverse 
in the k-inversion defined by it. On z,, S is represented by a point s which 
is not on 2, since we suppose that 5 is not a k-sphere. The k-inversion 
I, (S) defined by S corresponds to the involutoric projective transformation 
of z, which has s for fixed point and its polar variety with respect to 2, as 
fixed prime. ‘The points on the section of this polar prime with Q, corres- 
pond to k-spheres bisected by 5 as may be seen from (4-4). More generally, 
two spheres of radii R,, R, for which d? =R, + R2 — 
correspond to points conjugate with respect to 2, since when they are con- 
verted into k-turbines we have d =f? and 
If p, g be two corresponding points in I, (S), the sections of 2, by their 
polar primes are carried over into each other. ‘Thus 

The inversion I, (S) replaces every k-sphere by the other k-sphere 

in the pencil of spheres determined by it and S._ All the k-spheres 
which are bisected by a sphere P are carried over into k-spheres 
which are bisected by another sphere Q. P and Q are then trans- 
forms of each other in the k-inversion I, (S). 

It is known that all projective transformations which carry a quadric 
into itself may be obtained by successive involutoric transformations of 
the type discussed above. ‘Thus the #-inversion is the basic operator which 
generates the group Gg. 


7. Principle of Transference from G, to Gy. 


Given any theorem in Mobius geometry Gp, we may express it as a 
projective relation between a set of points on the prime 7) = x,,,, = 0 and 
the section Q, of Q by 7». Any projective transformation between wy and 7; 
which carries 2, into 2, will give a configuration with the same projective 
relationship to 2; as the original system had to QQ». Interpreting these 
relations in terms of the concepts of Gz we have a dual theorem in G, for 
every theorem in Gp. All that is necessary is a scheme of interpretation 
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like the one given below of projective relations in 7, in terms of the concepts 
of Gz. 


(All the spheres referred to in this table are non-oriented.) 


Situation in a Projective 8,4; Interpretation in Go Interpretation in G& 
with an invariant quadric w = w = = w= 
Point | Sphere Sphere 

Point on the quadric, Sphere of radius zero. Sphere of radius /. 

Projective separation of two Angle of intersection of the The angle between the two dia- 
points p, q with respect to the two spheres P and Q. metral sections of a k-sphere 
quadric q@ as absolute. bisected by both P and Q. 

The tangent prime at p passes The point P lies on the sphere} The k-sphere P is bisected by Q. 
through q. 

Two points p, gq conjugate w.r.t. | Two spheres P, Q@ which are | Two spheres of radii Ry, R. with 
the quadric. mutually orthogonal. their centres d apart where 

= R,? + 2 &. 


Two points p, q whose join The spheres P and Q touch. | The common section of P and Q is 
touches the quadric. a sphere (in a lower dimension) 
of radius k. 


Projective transformation of Mobius Inversion. k-inversion. 
period 2 with p for invariant 
point and its polar prime w.r.t. 
the quadric for fixed prime. 


The automorphic group of win | Inversion group of sphere The group of the geometry Gs 
Sy41- geometry in Sz. 


As an example of such generalisation let us take the configuration 
formed by two Hart-tetrads of circles. We have the result? :— 


It is possible to find two tetrads of circles in a plane such that each 
circle of one system has with each circle of the other system a chord 
of the same length k. 


In the same manner if the Miquel-Clifford configuration be considered as one 
in inversion Geometry, and generalised into a result in G,, we have the 
following chain of theorems? 


Take two circles Cy, Cy which bisect a k-circle (circle of radius k) 
named C, There is then another k-circle Cy, (or Cy,) which is 
also bisected by them. 


3 Vide my paper, ‘“‘ On a principle of duality in circle sphere and line Geometries,” 
Mathematische Zeitschrift, Bd. 44, Heft 2, p. 194. 


4 A different generalisation of the Miquel-Clifford configuration is given in the 
paper referred to in the previous footnote (vide page 187). 
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If we take three circles C,, Cz, C, which bisect a k-circle C, the three 
k-circles Cy, C23, C3, are all bisected by circle 

Taking four circles C,, Cz, C3, C4 all of which bisect the k-circle C the 
four circles C193, Cog4, C341, C412 obtained by the process mentioned 
above all bisect a k-circle C1934 and so on. 

a k-circle being associated with an even number, and a circle of 
different radius with an odd number of circles C,. 

When k = 0 we have the classical Miquel-Clifford configuration. 


\) 
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